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Abstract. We examine the dynamics of three-dimensional cells with square planform in
dissipative Rayleigh–B́enard convection. By applying a triple Fourier series ansatz up to second
order, we obtain a system of nine nonlinear ordinary differential equations from the governing
hydrodynamic equations. Depending on two control parameters, namely the Rayleigh number
and the Prandtl number, the asymptotic behaviour can be stationary, periodic, quasiperiodic or
chaotic. A period-doubling cascade is identified as a route to chaos. Hereafter, the asymptotic
behaviour progressively evolves towards a hyperchaotic attractor. For given values of control
parameters beyond the accumulation point, we observe a low-dimensional chaotic attractor as
is currently done for dissipative systems. Although the correlation dimension strongly suggests
that this attractor could be embedded in a three-dimensional space, a topological characterization
reveals that a higher-dimensional space must be used. Thus, we reconstruct a four-dimensional
model which is found to be in agreement with the properties of the original dynamics. The
nine-dimensional Lorenz model could therefore play a significant role in developing tools to
characterize chaotic attractors embedded in phase space with a dimension greater than 3.

1. Introduction

It is now well known that chaotic dynamics may be generated by many kinds of experiments
from various fields of science such as hydrodynamics, astrophysics, chemistry, biology,
electronics, etc. It is therefore of particular interest to possess an extended tool box to
characterize the dynamics of the studied physical systems. From the pioneering paper by
Lorenz [1], many analyses have been developed which may be separated into two classes.

First, the geometrical properties of attractors on which the asymptotic motion settles
down have been investigated. Such methods are based on a notion of distance in the
reconstructed phase space according to Packardet al [2] and the very mathematical paper
by Takens [3]. Geometrical properties present the attractive feature of being usable in an-
dimensional space. For instance, the correlation dimension [4] and Lyapunov exponents [5]
have been commonly used to characterize attractors. The knowledge of Lyapunov exponents
gives an indication about the predictability of a system and also about the number of active
dynamical degrees of freedom involved in it [6, 7]. Nevertheless, the computation of
such geometrical quantities is very sensitive to noise perturbations and not very useful in
identifying different classes of systems.
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A second approach based on the population of periodic orbits which constitutes the
skeleton of the attractor allows us to quantify how the chaotic behaviour develops. In
particular, a partition of the attractor induces an identification of each orbit by a symbolic
sequence [8, 9]. This encoding, called the symbolic dynamics, allows us to predict a
theoretical order of creation of periodic orbits under the change of a control parameter [10].

In the early 1990s, the idea arose that topological properties could complement the
characterization of geometrical properties. Indeed, it has been demonstrated that the relative
organization of periodic orbits provides a fine characterization of an attractor [11–13]. The
topological characterization is based on topological invariants, namely linking numbers
which are robust under control parameter changes. Associated with the use of symbolic
dynamics it constitutes a powerful tool to study attractors. In particular, it is robust with
respect to noise perturbations since it essentially involves the low periodic orbits which are
not really affected by noise. Unfortunately, such a characterization is nowadays restricted
to three-dimensional spaces.

It is therefore an important task to develop such a characterization in higher-dimensional
spaces. The topological characterization is based on the knot theory which states that all
knots—a periodic orbit is a knot—are trivial in four-dimensional (4D) spaces. Typical
invariants are then useless, and it is important to find extended versions of them or new
ones for higher-dimensional phase spaces. In order to try to extend the understanding of
the dynamical structure of high-dimensional systems, two approaches can be used. First,
one may develop new tools from a theoretical approach and, consequently, must have a
large mathematical background. Second, one may try to understand how adding degrees of
freedom to a dynamical system can affect its dynamical structure. For this latter approach,
the first step is to consider a dynamical system whose dimension is greater than 3 and
generates an asymptotic behaviour which is not so far from the well-documented three-
dimensional (3D) attractors. Indeed, many high-dimensional systems exist, but they usually
present very complex dynamics which do not provide useful test cases in the understanding
of the high-dimensional dynamical structure. A typical example is the 4D system proposed
by Rössler [14] which generates hyperchaotic motion.

Our goal is therefore to derive a high-dimensional system generating asymptotic
behaviour similar to typical attractors exhibited by 3D systems such as the Rössler system
[15] or the Lorenz system [1]. A nine-dimensional (9D) model is derived by applying a triple
Fourier expansion to the Boussinesq–Oberbeck equations governing thermal convection in
a 3D spatial domain by using an approach similar to Lorenz’s.

We consider a horizontal layer of fluid, heated uniformly from below and cooled
from above. Due to thermal expansion, a density gradient opposite to the direction of
gravity arises. The resulting model is constituted by a system of nine ordinary differential
equations (ODEs) which generate a period-doubling cascade as a route to chaos. The
strong truncation of the system of modes prevents any relationship of its solutions with
experimental observations except in the case of Rayleigh numbers close to the critical value
as observed in the Lorenz model. In this paper, we show that the asymptotic motion settles
down on a chaotic attractor whose correlation dimension is approximately 2.08. We then
reconstruct a 3D model from one of the nine dynamical variables which confirms that a
large part of the dynamics may be captured in a 3D phase space. However, a topological
characterization achieved in a 3D subspace shows that a higher-dimensional phase space is
required to describe the underlying dynamics completely. Thus we reconstruct a 4D model
which is found to be in agreement with the original dynamics.

This paper is organized as follows. In section 2 the 9D Lorenz model is derived from
the Boussinesq–Oberbeck equations. Section 3 is devoted to the dynamical analysis of the
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9D system by using a geometrical approach, i.e. computation of the correlation dimension,
as well as a global vector field reconstruction starting from either a scalar time series or a
topological characterization.

2. The governing equations describing square convection cells

We consider a viscous fluid layer of infinite-horizontal extent that is uniformly heated from
below. Lett andx, respectively, be the time and space variables. The density fieldρ(x, t)
describes the mass distribution of the fluid. The physical state is determined by the pressure
p(x, t), the temperatureT (x, t) and the velocity fieldv(x, t).

We will employ the Boussinesq–Oberbeck approximation in order to simplify the
mathematical analysis. This means thatρ is considered to be constant except when it
modifies the gravity term. In this term, the density is assumed to be independent of the
pressure and a linear function of the temperature. The vertical density variation actually
provides the driving mechanism of the convective motions. Furthermore, we assume that
all material properties are constant. An extensive discussion of this set of approximations
can be found in Cordon and Velarde [16].

Then the dynamical behaviour of the medium is governed by three nonlinear partial
differential equations (PDEs) [17, 18], namely the equation of continuity

divv = 0 (1)

that corresponds to preservation of mass, the Navier–Stokes equation

∂v

∂t
+ (v · ∇)v = ρ

ρ0
g − 1

ρ0
∇p + ν∇2v (2)

that corresponds to preservation of momentum, and the equation of thermal conductivity

∂T

∂t
+ (v · ∇)T = χ∇2T (3)

that corresponds to the preservation of energy. Hereg = (0, 0,−g) denotes the vector of
gravity, ρ0 standard density,ν kinematic viscosity andχ thermal conductivity. Note that
we write∇2 for the Laplacian.

Let T0 be the temperature at the upper boundary. By introducing the coefficient of
volume expansionα = −(1/ρ)(∂ρ/∂T )p, ρ can be written approximately as

ρ(T ) = ρ0[1− α(T − T0)].

In the case of no convection, the temperature profile linearly decreases with height.
If convection occurs we are interested in the deviation from the linear temperature profile
which will be denoted byθ . We can expressT by means ofθ as

T (x, y, z, t) = T0+1T
(

1− z

h

)
+ θ(x, y, z, t). (4)

Here1T is the temperature difference between the lower and upper boundaries,h is the
depth of the fluid layer, andz denotes the vertical coordinate ofx measured positive
upwards withz = 0 corresponding to the lower boundary andz = h corresponding to the
upper boundary. Since the temperature atz = 0 is higher than the temperature atz = h,
1T is greater than zero. The horizontal coordinates arex andy.

Now we introduce dimensionless variables

x→ h

π
x t → h2

π2χ
t θ → π3χν

gαh3
θ
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and take the curl of (2) to eliminatep. This yields the following system

divv = 0 (5)
∂ω

∂t
− curl(v × ω) = σ curl(θez)+ σ∇2ω (6)

∂θ

∂t
+ (v · ∇)θ = ∇2θ + Rw. (7)

Hereω = curlv is the vorticity field,ez is the unit vector in the vertical direction andw is
the vertical component ofv. For further readingu andv denote the horizontal components
of v.

The Prandtl number

σ = ν

χ

is a measure of the relative importance of momentum vorticity diffusion to heat conduction
by molecular collisions.

The Rayleigh number

R = αg1T h3

π4νχ

is a non-dimensional measure of the vertical temperature difference. It gives the ratio of
free energy liberated by buoyancy to the energy dissipated by heat and viscous drag.

Next we have to consider boundary conditions. The horizontal boundaries are either
rigid walls or free surfaces. We will only deal with free surfaces which means that both the
normal stress as well as the shearing stress are zero. That leads touz = vz = 0. From (5)
vanishing shearing stress leads towzz = 0. Additionally,w must vanish at the boundaries.
Since the boundaries are assumed to be perfect heat conductors,θ must also vanish at the
boundaries because of (4).

In summary, the boundary conditions for free surfaces are then

w|z=0,π = wzz|z=0,π = uz|z=0,π = vz|z=0,π = θ |z=0,π = 0. (8)

Rayleigh [19] neglected the nonlinear terms(v · ∇)v and (v · ∇)θ in (2) and (3) and
showed that the onset of convection occurs at a Rayleigh number

R0(k) = (1+ k2)3

k2
(9)

which is independent ofσ . The wavenumberk obeys the relation

k2 = k2
x + k2

y (10)

wherekx andky denote the wavenumbers in the horizontal directions. The minimum of (9)
is the so-called critical Rayleigh number given by

Rc = 27
4 .

The critical wavenumber

kc = 1√
2

(11)

is the value ofk where the minimum of the graphR0(k) occurs.
For values ofR less thanRc the fluid is at rest and no convection takes place. For

R = Rc the state of conduction is marginally unstable and a convective motion with
wavenumberkc is set up. The entire fluid layer should change spontaneously from the state
of rest to cellular convective motion, if the temperatures on the top and bottom surfaces of
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the layer are indeed uniform. It is a well known fact that at the onset of convection, the
linearized versions of the governing equations (1)–(3) possess a degeneracy—no cell shape
is preferred to any other [20, 21].

In order to examine the full system of nonlinear PDEs, Lorenz expanded equations (1)–
(3) in double Fourier series [1]. The resulting system of equations was then truncated
radically. He obtained a system of three nonlinear ODEs, the so-called Lorenz equations, to
describe two-dimensional rolls. It is known that this approach reflects the dynamics in the
PDEs only forr = 1+O(ε2) (cf equation (19)), whereε � 1 is the amplitude of motion
[21].

As we are interested in derivating a higher-dimensional model corresponding to the
description of three-dimensional square convection cells we extend Lorenz’s approach to a
triple Fourier series ansatz. By introducing a vector potentialA, v can be represented as

v = curlA (12)

in accordance with (5). In order to describe square cells we set

kx = ky = a (13)

and expandθ and the componentsA1, A2, A3 of A in triple Fourier series with the Fourier
coefficients2ij`, Aij`1 , Aij`2 andAij`3 functions oft alone

A1(x, t) =
∞∑
i=0

∞∑
j=1

∞∑
`=1

cos(iax) sin(jay) sin(`z)Aij`1 (t) (14a)

A2(x, t) =
∞∑
i=1

∞∑
j=0

∞∑
`=1

sin(iax) cos(jay) sin(`z)Aij`2 (t) (14b)

A3(x, t) =
∞∑
i=1

∞∑
j=1

∞∑
`=0

sin(iax) sin(jay) cos(`z)Aij`3 (t) (14c)

θ(x, t) =
∞∑
i=0

∞∑
j=0

∞∑
`=1

cos(iax) cos(jay) sin(`z)2ij`(t). (15)

With (12) this leads to the following expressions for the components ofv

u(x, t) =
∞∑
i=1

∞∑
j=0

∞∑
`=0

sin(iax) cos(jay) cos(`z)[jaAij`3 (t)− `Aij`2 (t)] (16a)

v(x, t) =
∞∑
i=0

∞∑
j=1

∞∑
`=0

cos(iax) sin(jay) cos(`z)[`Aij`1 (t)− iaAij`3 (t)] (16b)

w(x, t) =
∞∑
i=0

∞∑
j=0

∞∑
`=1

cos(iax) cos(jay) sin(`z)[iaAij`2 (t)− `aAij`1 (t)]. (16c)

It can easily be shown that equations (15)–(16c) satisfy the boundary conditions (8).
When looking for the simplest nonlinear model, we selected, by trial and error, only

very certain terms of the Fourier mode expansions, namelyA022
1 , A111

1 , A202
2 , A111

2 , A220
3 ,

2002, 2022, 2202 and2111. For this task, Stephen Wolfram’sMathematicawas a great help
to us. Next we introduce for convenience timet ′ := (1+ 2a2

)
t and the vector

C(t ′) := {C1, . . . , C9} = {A022
1 , A111

1 , A202
2 , A111

2 , A220
3 ,2002,2022,2202,2111}.
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By neglecting all trigonometric terms of third order and higher, the ansatz

A1 = 1+ 2a2

a
sin(2ay) sin(2z)C1+

2
√

2
(
1+ 2a2

)
a

cos(ax) sin(ay) sin(z)C2

A2 = 1+ 2a2

a
sin(2ax) sin(2z)C3+

2
√

2
(
1+ 2a2

)
a

sin(ax) cos(ay) sin(z)C4

A3 = 1+ 2a2

a2
sin(2ax) sin(2ay)C5

θ =
(
1+ 2a2

)3

a2
cos(2ay) sin(2z)C7+

(
1+ 2a2

)3

a2
cos(2ax) sin(2z)C8

+
(
1+ 2a2

)3

a2
sin(2z)C6+

√
2
(
1+ 2a2

)3

a2
cos(ax) cos(ay) sin(z)C9

(17)

yields a system of 10 ODEs for the nine variablesCi . Since one of these 10 equations
depends linearly on two others, it can be omitted and we finally obtain the following system
of nine nonlinear ODEs:

Ċ1 = −σb1C1− C2C4+ b4C4
2+ b3C3C5− σb2C7

Ċ2 = −σC2+ C1C4− C2C5+ C4C5− σC9/2

Ċ3 = −σb1C3+ C2C4− b4C2
2− b3C1C5+ σb2C8

Ċ4 = −σC4− C2C3− C2C5+ C4C5+ σC9/2

Ċ5 = −σb5C5+ C2
2/2− C4

2/2

Ċ6 = −b6C6+ C2C9− C4C9

Ċ7 = −b1C7− rC1+ 2C5C8− C4C9

Ċ8 = −b1C8+ rC3− 2C5C7+ C2C9

Ċ9 = −C9− rC2+ rC4− 2C2C6+ 2C4C6+ C4C7− C2C8.

(18)

This system is self-consistent in the sense that no further Fourier modes appear and no
algebraic equations which relate the variablesCi arise when (17) is inserted into (5)–(7).
With Ċi we denote the derivative ofCi with respect tot ′, and r, the reduced Rayleigh
number, is the quotient

r = R

Rc
. (19)

The constant parametersbi , a measure for the geometry of the square cell, is defined by

b1 := 4
1+ a2

1+ 2a2
b2 := 1+ 2a2

2
(
1+ a2

) b3 := 2
1− a2

1+ a2

b4 := a2

1+ a2
b5 := 8a2

1+ 2a2
b6 := 4

1+ 2a2
.

In the remaining part of this paper we will drop the prime oft ′ and will simply write
t . In order to fulfil (10), (11) and (13), we seta = 1

2 for the wavenumber in the horizontal
direction.
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3. Dynamical analysis

3.1. Geometrical approach

In order to exemplify typical behaviour which may be observed in this 9D model, we
fix the value ofσ to be equal to 0.5 and the reduced Rayleigh numberr is varied. For
values ofr less than 1, the trivial fixed point defined byv = 0 andθ = 0 is stable and
the fluid is at rest. Atr = 1, the trivial fixed pointC∗ = 0 becomes unstable, and a new
equilibrium is established which is characterized by a stationary convective flow. It has been
observed that such an evolution is generated for all values of the Prandtl numberσ while
the bifurcation diagram for values ofr greater than 1 strongly depends onσ . For σ = 0.5
andr = rH ≈ 13.07, a limit cycle is born by a Hopf bifurcation and the convective motion
becomes time dependent. In the range [rH , r∞], with r∞ = 14.17, there is a period-doubling
cascade. Such a behaviour is rather interesting since this route is very well documented, and
it is known that the chaotic regime observed beyond the accumulation pointr∞ belongs to
the universal class exhibited by Feigenbaum [23] or, independently, Coullet and Tresser [24].
This means that the chaotic attractor is expected to be low dimensional and characterized
by a first-return map with a differentiable maximum, namely a unimodal map. When such
a chaotic regime was studied by using topological characterization or symbolic dynamics
[12, 13, 25, 26], it was always for systems whose attractor can be embedded in a 3D phase
space. It is therefore of great interest to study how a period-doubling cascade generated
by a higher-dimensional system is organized, as seen in the model derived by Franceschini
and Tebaldi [27] or in our 9D Lorenz model.

Due to the dissipative nature of the 9D Lorenz model, the dynamics of the system for
r = 14.22 settles down on a chaotic attractor which may be embedded in a space whose
dimensiondE is smaller than 9. Such an embedding dimensiondE may be equal to the first
integer larger than the correlation dimensionDK defined as

DK = lim
N→∞

lim
ρ→0

log2C(ρ)

log2 ρ

whereC(ρ) is the correlation integral [4] andN is the overall number of data points. The
correlation dimensionDK measures the number of pointsyj which are correlated with each
other on a sphere with radiusρ around the randomly chosenNref reference pointsyi . The
correlation integralC(ρ) reads as

C(ρ) = 1

Nref

1

N

Nref∑
i=1

N∑
j=1

H(ρ − |yi − yj |)

whereH(y) is the Heaviside function defined by

H(y) =
{

0 (y 6 0)

1 (y > 0)

and |yi − yj | is the Euclidean norm.
The correlation dimension has been estimated for the control parameter valuesσ = 0.5

andr = 14.22 (figure 1). It has been computed for the attractor embedded in the 9D phase
space as well as for the attractor reconstructed by using the delay coordinates [2] starting
from theC5-variable. In both cases, the correlation dimensionDK is obtained from the
slope of the log2C(ρ) versus log2(ρ) plot by applying a Savitzky–Golay filter of fourth
order [28]. From the plateau, we estimate the dimension to be approximately 2.08 in both
cases, which strongly suggests that the dynamical analysis may be performed in a 3D phase
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Figure 1. Correlation dimensionDK for the attractor reconstructed from theC5-time series.
The system parameters arer = 14.22 andσ = 0.5. The correlation dimensionDK is computed
in spaces spanned by delay coordinates whose dimensionn varies from 2 up to 7. The time
delayτ = 0.97 is selected by taking the first minimum of the mutual information.
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Figure 2. Phase space projections of the 9D attractor on theC6–C7 plane for
σ = 0.5 and increasingr. Initial conditions correspond to the state vectorC(0) =
{0.01, 0, 0.01, 0, 0, 0, 0, 0, 0.01}. The timestepδt is equal to 0.05 except forr = 24.0 where it
is equal to 0.01.

space or, at least, in a space with dimension less than 9. This system may therefore be
viewed as a good model to investigate high-dimensional dynamics with tools used in the
analysis of 3D models.

The 9D model provides a good opportunity to study how a high-dimensional system
evolves when a control parameter is varied and what kind of departure from 3D systems
may be observed (see section 3.3). This route to chaos is illustrated with two plane
projections (figures 2 and 3) spanned byC6–C7 and C6–C9, respectively. In the range
r ∈ [14.10, 14.22], the period-doubling cascade is easily identified and does not seem to
depend on the plane projections used. When the Rayleigh number is increased beyond
14.22, it becomes clear that differences in these representations of the dynamics may be
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Figure 3. Phase space projections of the 9D attractor on theC6–C9 plane forσ = 0.5 and
increasingr. The numerical integration is performed with the same conditions as in figure 2.
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Figure 4. Two plane projections of the attractor generated by the 9D Lorenz system forσ = 0.5
and r = 45.0. The asymptotic behaviour is characterized by two positive Lyapunov exponents
and is therefore identified as being hyperchaotic.

exhibited depending on the plane projection used. For instance, forr = 14.30, a double
leaf attractor is observed in theC6–C7 plane projection (figure 2) while a simple attractor is
found in theC6–C9 plane projection (figure 3). Such departure may arise from the symmetry
properties of the 9D Lorenz model. Different dynamical variables may therefore provide
different kinds of representation of the dynamics. This is clear whenr is greater than 43.3,
for which two Lyapunov exponents are found to be positive, leading to a hyperchaotic
behaviour (figure 4). The study of this phenomenon goes beyond the scope of this paper
and will be addressed in future studies.
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3.2. Topological analysis

The topological characterization is based on the relative organization of periodic orbits
embedded within the attractor. Such periodic orbits are viewed as knots and the way in
which they are knotted and linked is characteristic of the dynamics studied. Unfortunately,
in 4D spaces, all knots are trivial, i.e. isotopic to the circleS1, and unlinked. Nevertheless,
an attempt to characterize the rigid structure of the flow has recently been proposed by
Mindlin and Solari [29] by using the organization of the surfaces associated with the local
invariant manifolds of the orbits. Such a procedure is hopeful although not yet sufficiently
developed to be directly used to validate models. Consequently, we prefer to limit ourselves
to the use of common topological characterization by working in a sub-3D space in which we
will investigate the dynamics. Rather than working in a space spanned by three variables
Ci of the original system, we prefer to investigate the dynamics by working in a space
spanned by one dynamical variableCi and its successive time derivatives which is usually
done when only a scalar time series is available [2, 3]. We designate this representation by
the differential embedding.

We arbitrarily makeC5 the ‘recorded’ time series forr = 14.22. The working space is
therefore spanned by

X(t) = C5(t)

Y (t) = Ċ5(t)

Z(t) = C̈5(t).

In the reconstructed space, the asymptotic motion describes an attractor as displayed in
figure 5(a). The first-return map of a Poincaré section is computed and found to be a
unimodal map whose maximum is differentiable as expected after a period-doubling cascade
(figure 6(a)). One may remark that this unimodal map, constituted by two monotonic
branches, presents a decreasing branch which is split into two parts. It is a characteristic
signature of the dynamics which will be discussed in section 3.3. The critical pointXC
allows one to define a generating partition of the attractor in different regions. This means
that the attractor may be viewed as constituted by two strips whose topological properties
are different, each one being associated with a monotonic branch of the first-return map.
The increasing branch is roughly associated with a strip located in the inner part of the
attractor without a half-turn while the second strip, corresponding to the decreasing branch,
is located in the outer part of the attractor and presents a negativeπ -twist (i.e. a negative
half-turn). A sketch of these two strips is displayed in figure 7. Following a pioneering
paper by Birman and Williams [30], it has been shown [11, 13, 31] that a template may
synthetize the topological properties of an attractor embedded in a 3D phase space.

Usually, a unimodal map induces a template consisting of two strips [12, 13, 26, 32].
Following a standard insertion convention [31], strips must be re-injected into the bottom
band from back to front and from left to right. This convention allows an unambiguous
description of the template by defining a linking matrix whose diagonal elementsMii are
equal to the number ofπ -twists of theith strip, and off-diagonal elementsMij (i 6= j ) are
given by the algebraic number of intersections between theith andj th strips.

Each strip may be labelled: 0 designates the strip associated with the increasing branch
while 1 is associated with the strip corresponding to the decreasing branch. In this way,
chaotic trajectories and periodic orbits are encoded by a string of 0’s and 1’s. The kneading
sequence [9] is found to be encoded by(10110). Thus we have defined a symbolic dynamics.
For details on symbolic dynamics, the reader may consult [9, 10, 25]. The template is
validated by counting linking numbers between pairs of periodic orbits projected in a regular
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Figure 5. Plane projections of theC5-attractors (r=14.22). (a) Differential embedding, (b) 3D
reconstructed model, (c) 4D reconstructed model.

plane as exemplified in figure 8(a) and by comparing them with the template predictions
[13, 25, 33]. The linking number is defined as half of the algebraic sum of the oriented
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Figure 5. (Continued)

crossings according to

+1 −1 .

Only by inspecting the three linking numbers
lk(10, 1) = 0

lk(1011, 1) = −1

lk(1011, 10) = −2

did we find that a 2× 2 linking matrix cannot be defined to predict all of them. Therefore
a template cannot be built to synthetize the topological properties of the dynamics. In
other words, theC5-attractor cannot be embedded in a 3D phase space. Consequently, a
higher-dimensional phase space is required. The value of the embedding dimension will be
determined by using a global vector field reconstruction technique.

3.3. Global vector field reconstruction

A way to investigate a dynamical system may be the use of a global vector field
reconstruction technique, i.e. a set of ODEs which models the dynamical behaviour is
obtained starting from a given scalar time series. This is of particular interest in our case
since we will prove that the topological structure of the 3D model reconstructed from aC5

time series is not compatible with the topology of theC5-attractor. On the contrary, a 4D
model will be found to be compatible with theC5-attractor.
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Figure 6. First-return maps of a Poincaré section for theC5-attractors. (a) Differential
embedding, (b) 3D reconstructed model, (c) 4D reconstructed model.

Our main goal is to reconstruct adE-dimensional vector field generating dynamics
topologically equivalent to the original dynamics generated by the 9D Lorenz model. The
reconstructed model involves theC5-time series and its (dE − 1) successive derivatives as
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Figure 6. (Continued)

strip 1

strip 0

negative half-turn

Figure 7. Sketch of the two main strips constituting the 3D reconstructed model starting from
theC5-time series (r=14.22).

dynamical variables. It reads as:

Ẋ1 = X2

Ẋ2 = X3

...

ẊdE = F(X1, X2, . . . , XdE)

whereF is a function to be estimated. The functionF is expressed in terms of monomials
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Figure 8. Plane projections of the pairs of periodic orbits extracted from theC5-attractors
encoded by(10) and(1), respectively. (a) Differential embedding, (b) 3D reconstructed model,
(c) 4D reconstructed model.

Pn = Xk1
1 X

k2
2 . . . X

kdE
dE

where a relationship betweendE-tuplets(k1, k2, . . . , kdE) and integers

n has been extended from the relationship introduced in [34]. The approximationF̃

is obtained by using a Fourier expansion on a multivariate polynomial basis on nets
[34]. The algorithm requires the definition of reconstruction parameters which are (i)
dE, the embedding dimension, (ii)Nq , the number of vectors(X1,i , X2,i , . . . , XdE,i , ẊdE,i )
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Figure 8. (Continued)

(i ∈ [1, Nq ]) on the nets withi as a time index, (iii)1t , the timestep between two successive
vectors which may be expressed as the number of vectors,Ns , sampled per pseudoperiod,
(iv) Np, the number of retained polynomials and (v)τW , the window size on which the
derivatives are estimated by deriving a polynomial fitted with a singular value decomposition
technique. The reconstruction parameters are found with the help of an error function

Er =
∑Nq

i=1 |ẊdE,i − F(X1, X2, . . . , XdE)|∑Nq
i=1 |ẊdE,i |

.

We obtain a model with reconstruction parameters:

dE = 3

Nq = 67

Ns = 13

Np = 35

τW = 7δt = 7 · 0.05.

By integrating this 3D reconstructed model, we obtain the phase portrait displayed in
figure 5(b). It may be favourably compared with the plane projection of theC5-attractor
(figure 5(a)). A first-return map to a Poincaré section (figure 6(b)) is found to be mainly
constituted by two monotonic branches separated by a differentiable maximum as observed
on the first-return map computed for theC5-attractor (figure 6(a)). One may remark that
a third branch appears, but the kneading sequence remains encoded by(101). No orbits
with periods smaller than 8 are found to be encoded by symbolic sequences involving the
symbol 2. The population of periodic orbits is therefore not very different from the one
extracted from theC5-attractor. Only two period-7 orbits and one period-3 orbit, which are
not embedded within theC5-attractor, have been extracted from the attractor generated by
the 3D model. By counting linking numbers between pairs of periodic orbits embedded
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10

Figure 9. Template of the attractor generated by the 3D reconstructed
model starting from theC5 time series.

within the reconstructed attractor, we find that they are easily predicted by the template
(figure 9) defined by the linking matrix

M ≡
[

0 −1
−1 −1

]
.

The reconstructed model generates therefore an attractor whose topological properties can
be synthetized by a template; for instance, the pair of periodic orbits encoded by(10) and
(1) (figure 8(b)) whose linking numbers are easily predicted by the template (figure 9).
One may also remark that this linking number is different from the one counted for the
C5-attractor. The topological properties are therefore different, and the 3D model cannot
be validated.

By reconstructing a 3D model, the structure of the dynamics is constrained to be
compatible with 3D dynamics which is well characterized by a template. Such results
demonstrate that the embedding dimension must be greater than 3 since topological
properties of theC5-attractor cannot be described by a template which constitutes a signature
of a 3D dynamics. Nevertheless, such a model whose dynamics is not so far from the one
underlying theC5-attractor suggests that the embedding dimensiondE is close to 3.

We therefore attempt a 4D model with reconstruction parameters:

dE = 4

Nq = 334

Ns = 10

Np = 70

τW = 7δt = 7 · 0.05.

A plane projection of the attractor generated by integrating this 4D model is displayed
in figure 5(c). Once again, a visual inspection of this projection may be favourably
compared with figure 5(a). A first-return map to a Poincaré section (figure 6(c)) is found
to be constituted by an increasing branch and a decreasing branch which is split into two
segments as observed for theC5-attractor (figure 6(a)). The kneading sequence of the
4D reconstructed attractor is encoded by(101), i.e. the population of periodic orbits is
slightly different from the population of theC5-attractor. All linking numbers counted on
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plane projections of periodic orbits extracted from the 4D reconstructed attractor are in
agreement with those counted from theC5-attractor as exemplified by the plane projection
of the pair(10, 1) (figure 8(c)). The 4D model is therefore validated. One may note that
only a topological characterization, although working in a 3D subspace providing the same
3D projection of the 4D phase space, allows one to distinguish two classes between these
three models. The first class is constituted by theC5-attractor and the 4D reconstructed
attractor whose topological properties cannot be synthetized by a template. The second
class is constituted by the 3D reconstructed attractor whose topological properties are well
described by a template. The 4D model confirms that the smallest embedding dimension is
equal to 4.

4. Conclusion

By applying a triple Fourier series ansatz up to second order, we obtained a system of
nine nonlinear ODEs. We showed that this model presents a period-doubling cascade for a
given set of control parameter values. Since this route to chaos defines a universal class of
dynamics, it is usually expected that chaotic behaviour beyond this cascade corresponds to
a horseshoe dynamics. By using a global vector field reconstruction technique, we argued
that the embedding dimension of the attractor generated by the 9D Lorenz model is equal
to 4. This 9D Lorenz model is therefore a very interesting model for investigating chaotic
dynamics in a phase space with a dimension greater than 3. Indeed, it is a very helpful
model in developing new tools characterizing high-dimensional chaos as exemplified by the
case of the topological characterization which is not effective for a space whose dimension
is greater than 3. Although a topological characterization is not rigorously available in
a space with a dimension greater than 3 it may be useful to validate higher-dimensional
models by working in a 3D subspace, i.e. in a projection of the whole phase space.

The interest of this model arises from the fact that it generates a chaotic behaviour
beyond a period-doubling cascade and, consequently, the simplest 4D chaotic attractor
which may be expected. In addition, this model presents an interesting bifurcation diagram
starting from a period-doubling cascade and evolving up to a hyperchaotic behaviour which
is yet to be investigated.
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